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Lectures so Far

• History of the pursuit and study of intelligence.

• Analytic solutions for learning low‐dimensional
linear/Gaussian mixtures via (unrolled) optimization.

• Learning and sampling via denoising and compression.

• Objectives for representation learning: information gain.

This lecture: deep representation learning!

Operationalize these principles to inform deep network
architectures (with empirical success!)
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Recall: Classical Approaches

Assume: data drawn from a well‐known template distribution:

• A single subspace (PCA)

• A union of a few subspaces (ICA)

• Sparsely generated from a dictionary (DL)
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From Analytical to General

Understanding and interacting with the physical world
=⇒ nonlinear signals!

Nonliearity demands more flexible representations.
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Recall: LISTA
Solve the sparse representation problem

min
Z≥0

[
‖AZ −X‖2F + λ‖Z‖1

]
via unrolled optimization (LISTA [GL10]):

Zℓ+1 = proxλ∥·∥1+χ
Rd
+

(Zℓ − κ∇Zℓ‖AℓZℓ −X‖2F )

= ReLU(Zℓ − κAℓ⊤(AℓZℓ −X)− κλ1)

= ISTAκ,λ(Z
ℓ | Aℓ)

Learn the parameters (Aℓ)Lℓ=1 using data.

Each update incrementally optimizes the features!

LISTA is a prototypical deep network!
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Unrolled Optimization

• Given objective functionRℓ, improve
it on input Zℓ via optimization step:

Zℓ+1 ← Zℓ − κ∇ZRℓ(Zℓ)

(...or similar).

• Collection of objective functions
(Rℓ)Lℓ=1 + optimization strategies
=⇒ data processing algorithm

• New: collection of objective
functions + optimization strategies
=⇒ deep network architecture!
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From Unrolled Optimization to Deep Architectures

Constructing deep network architectures:

Design objectives Rℓ and optimization strategies s.t.
unrolling yields compact, structured, deep representation!

This talk: Use this principle to explain existing architectures.

Next talk: Use this principle to build novel architectures.
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Recall: Rate Reduction
Difference in coding rate between encoding data as whole
(Gaussian) and as parts (class‐wise GMM):

∆R(Z | Π) =
1

2
logdet(I + αZZ⊤)︸ ︷︷ ︸
R(Z) = blue

− 1

2

K∑
k=1

γk logdet(I + αkZΠkZ
⊤)︸ ︷︷ ︸

= Rc(Z | Π) = green

∆R = the information gain of the representation.

Goal: Maximize information gain!
Formulation: maxθ ∆R(Z(θ) | Π), where Z(θ) = f(X, θ).

[Yu+20]



Recall: Global Optimizers of Rate Reduction

Theorem ([Yu+20], Theorem 2.1). Consider the problem

max
Z

∆R(Z | Π) s.t. ∀k : ‖Zk‖2F ≤ mk, rank(Zk) ≤ dk.

Any (global) maximizer Z∗ =
⋃K

k=1Z
∗
k satisfies:

• Between‐class discriminative: If d ≥
∑

k=1 dk, then
Z∗

k are pairwise orthogonal: Z∗⊤
k Z∗

j = 0 for all j, k.
• Maximally diverse representation: If

ε < mink{mk
m

d2

d2k
}, each subspace takes its maximal

dimension, rank(Z∗
k) = dk, and the largest dk − 1

singular values of Z∗
k are all equal.
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Local Optimizers of Rate Reduction

Theorem ([Wan+24], Theorem1, Simplified.) Consider the
problem

max
Z

{
∆R(Z | Π)− λ

2
‖Z‖2F

}
.

If λ ∈
(
0,

d(
√

m/mmax−1)

mε2(
√

m/mmax+1)

)
, then:

1. Z∗ =
⋃K

k=1Z
∗
k is a local maximizer if and only if: (1)

rank(Z∗
k) < min(d,mk) and

∑K
k=1 rank(Zk) ≤ d; (2)

the Z∗
k are pairwise orthogonal; and (3) all singular

values of Zk are equal.
2. Z∗ is a global maximizer if and only if (1) all above

conditions hold, (2)
∑K

k=1 rank(Z∗
k) = min{m, d}, (3)

all but the largest class has rank(Z∗
k) = min{mk, d}.
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Projected Gradient Ascent on Information Gain

Simplest possible optimization strategy (PGA)

Zℓ+1 = P(Sd−1)m

(
Zℓ + κ∇Z [∆R(Zℓ | Π)]

)

∇ZR(Zℓ) = α(I + αZℓZℓ⊤)−1︸ ︷︷ ︸
.
= Eℓ

Zℓ

∇ZR
c(Zℓ | Π) =

K∑
k=1

γk αk(I + αkZ
ℓΠkZ

ℓ⊤)−1︸ ︷︷ ︸
.
= Cℓ

k

ZℓΠk

∇Z [∆R(Zℓ | Π)] =

EℓZℓ −
K∑
k=1

γkC
ℓ
kZ

ℓΠk

[Cha+22]



ReduNet
At inference time, estimateΠ via softmax on residuals:

π̂i,k :=
exp(−λ‖Cℓ

kz
ℓ
i‖2)∑K

j=1 exp(−λ‖Cℓ
jz

ℓ
i‖2)

, Π̂k = diag([π̂1,k, . . . , π̂m,k]).

ReduNet arch.: parameters (Eℓ, (Cℓ
k)

K
k=1)

L
ℓ=1 and forward pass

Zℓ+1 = P(Sd−1)m(Z
ℓ + κ{EℓZℓ − σ([Cℓ

1Z
ℓ, . . . ,Cℓ

KZℓ])︸ ︷︷ ︸
:=

∑K
k=1 γkC

ℓ
kZ

ℓΠ̂k

})

This is a white‐box deep
neural network designed
to incrementally optimize
the information gain of
the representation.
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ReduNet and CNNs

[Cha+22] [He+16] [Xie+17]

• Pack all translations of samples in Zℓ

into a block‐circulant matrix Z̃ℓ =
[circ(zℓ

1), . . . , circ(zℓ
m)] ∈ Rd×dm.

• ReduNet construction =⇒ matrices
Ẽℓ = circ(kℓ) and C̃ℓ

k are circulant.

• Circulant multiplication ẼℓZ̃ℓ =
convolution kℓ ∗Zℓ! =⇒ CNN!

Circulant matrix:

circ(k) =
k(1) k(2) · · · k(d)
k(2) k(3) · · · k(1)
...

... . . . ...
k(d) k(1) · · · k(d− 1)



13



Visualizing ReduNet

L =2000‐Layers ReduNet: m = 500, κ = 0.5, ϵ = 0.1.
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Gaussian mixtures in 2D (top) and 3D (bottom) processed by ReduNet.
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ReduNet Summary

ReduNet yields a white‐box, forward‐constructable,
multi‐channel (convolutional) deep neural network via

explicitly pursuing low‐dimensional structures in x and z!

f : X
fpre
−−−→ Z1 → · · · → Zℓ fℓ

−−→ Zℓ+1 → · · · fL

−−→ ZL+1 = Z

LNR
eL
U

... ... ... ...

Zℓ+1 = f ℓ(Zℓ) ≈ Zℓ + κ∇
[
∆R(Zℓ | Π)

]
15



Modernizing ReduNet

• Initialization: forward‐construction needs matrix inverse
(not scalable); random init. ∼ naive CNN/ResNet.

• Optimization: Requires batch statistics =⇒ need large
batch size to have stable training.

• Representation: one low‐dimensional vector per sample
=⇒ poor on dense tasks (segmentation, detection).

Our transformer‐like architecture CRATE fixes these issues!
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Transformers: Modern Deep Learning’s Workhorse

[Vas+17]

[Dos+20]
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Transformers: A Universal Backbone

BERT [Dev+19]

GPT [Rad+19]

ViT [Dos+20]

DINO [Car+21] Robot Learning w/ MAE
[Rad+23]

TF + NLP TF + Vision TF + Robotics
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Scaling Data Processing

A more modern data format: sequences!
Tokens→ embeddings X = [x1, . . . ,xN ] ∈ RD×N .
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A Geometric View of Coding Rate Reduction

Recall the supervised rate reduction:

∆R(Z | Π) := R(Z)−
K∑
k=1

nk

n
R(Zk)︸ ︷︷ ︸

Rc(Z|Π)

.
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Rate Reduction for Token Sequences

Rate reduction for sequence data:
Parameterize the GMM covariances Σk = UkU

⊤
k .

∆R(Z | U[K]︸︷︷︸
:=(Uk)

K
k=1

) := R(Z)−
K∑
k=1

R(U⊤
k Z)︸ ︷︷ ︸

:=Rc(Z|U[K])

21



Sparse Rate Reduction

To be maximally structured, ask Z (hence Uk) to be sparse!

Objective to maximize: Sparse Rate Reduction

SRR(Z | U[K]) := R(Z)−Rc(Z | U[K])− λ‖Z‖1

[Yu+23]



Unrolling the Sparse Rate Reduction

Proposed optimization strategy:
Two‐step (prox‐like) iteration.

Zℓ 7→ Zℓ+1/2 7→ Zℓ+1

Zℓ+1/2 ≈ Zℓ − κ∇ZR
c(Zℓ | U ℓ

[K]) (compression)

Zℓ+1 ≈ arg max
Z : Zℓ+1/2=DℓZ

{R(Z)− λ‖Z‖1} (sparsification)

Parameters: (U ℓ
k)

K
k=1 ⊆ Rd×p,Dℓ ∈ Rd×d.
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Gradient of Compression Objective

If (Uk)
K
k=1 ≈ orthogonal + p/w ≈ orthogonal + ≈ support Z:

∇ZR
c(Z | U[K]) =

K∑
k=1

β(UkU
⊤
k Z)(I + β(U⊤

k Z)⊤(U⊤
k Z))−1

≈
K∑
k=1

βUk(U
⊤
k Z)(I − β(U⊤

k Z)⊤(U⊤
k Z))

= β

[(
K∑
k=1

UkU
⊤
k

)
Z − β

K∑
k=1

Uk(U
⊤
k Z)(U⊤

k Z)⊤(U⊤
k Z)

]

≈ β

[
Z − β

K∑
k=1

Uk(U
⊤
k Z)(U⊤

k Z)⊤(U⊤
k Z)

]

Gradient shaping/”non‐parametric autoregression”:

∇ZR
c(Z) ≈ β

[
Z − β

K∑
k=1

Uk(U
⊤
k Z) softmax

{
(U⊤

k Z)⊤(U⊤
k Z)

}]
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Multi-head Subspace Self-Attention

∇ZR
c(Z) ≈ β

[
Z − β

K∑
k=1

Uk(U
⊤
k Z) softmax

{
(U⊤

k Z)⊤(U⊤
k Z)

}]

Multi‐head Subspace Self‐Attention (MSSA):

MSSA(Z | U[K]) := β
[
U1, . . . ,UK

] (U
⊤
1 Z) softmax{(U⊤

1 Z)⊤(U⊤
1 Z)}

...
(U⊤

KZ) softmax{(U⊤
KZ)⊤(U⊤

KZ)}



Zℓ+1/2 := (1− βκ)Zℓ︸ ︷︷ ︸
residual

+βκMSSA(Zℓ | U ℓ
[K])︸ ︷︷ ︸

attention‐like

25



Iterative Shrinkage-Thresholding Block

IfDℓ ≈ complete incoherent dictionary then

Zℓ+1/2 ≈DℓZ =⇒ R(Z) ≈ R(Zℓ+1/2)

Can simplify the prox‐like step:

Zℓ+1 ≈ arg max
Z : Zℓ+1/2≈DℓZ

{R(Z)− λ‖Z‖1} ≈ arg min
Z

Zℓ+1/2≈DℓZ

‖Z‖1

≈ arg min
Z

{
1

2
‖Zℓ+1/2 −DℓZ‖22 + λ′‖Z‖1

}

Zℓ+1 := ISTA(Zℓ+1/2)

:= ReLU(Zℓ+1/2 + λ′Dℓ⊤(Zℓ+1/2 −DℓZℓ+1/2)− κλ′1)
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CRATE Architecture
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Comparing CRATE and Regular Transformer

Three practical differences:

• MSSA setsWquery,k = Wkey,k = Wvalue,k = U⊤
k

• ISTA setsWup = W⊤
down = D

• In ISTA the residual connection is moved inside ReLU
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Do CRATE Models Behave According to Theory?
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Can CRATE PerformWell in Practice?
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Interpretability and Emergent Segmentation
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Summary

Main takeaway: We can use unrolled optimization with
representation learning objectives to build white‐box deep
networks which perform well and efficiently at scale!

• Seen some examples of how to ≈ recover existing
architectures: ReduNet (CNN), CRATE (Transformer)

• Next lecture:
• Different unrolling strategies, different optimization
algorithms, different objectives =⇒ different, novel
architectures with favorable empirical properties!

• Warmup: Using the framework to obtain white‐box LLMs.
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